Abstract. In this paper we will give the calculus, the criterion, and the existence of the arithmetic Galois covers of higher relative dimensions.
Introduction
Let L be an extension of a field K (not necessarily algebraic). We can define the Galois extension for L/K in a manner similar to algebraic extensions of fields, i.e., L is Galois over K if K is the invariant subfield of the Galois group Gal(L/K). However, the situation of a transcendental extension L/K is more complicated. The Galois group Gal(L/K) is always an infinite group; many approaches established upon finite dimensions will not be valid in general (see [5] ).
In fact, there exist several types of (general) Galois extensions of fields, from the weakest one to the strongest one, such as: Galois; tame Galois; strong Galois; absolute Galois (see §1 for definitions). These general Galois extensions coincide with each other for algebraic extensions but in general are distinct from each other for transcendental ones (for instance, see Remark 1.3 ; for counterexamples, see [5] ).
Given two arithmetic varieties X/Y , i.e., two integral schemes surjectively over SpecZ of finite dimensions. The geometry of the arithmetic varieties X/Y encodes and determines a good quantity of information of the function fields k(X)/k(Y ). In deed, there exists a nice relationship between the geometry of the arithmetic varieties and the arithmetic of the function fields. If dim X = dim Y , in particular, k(X) is a finite extension of k(Y ), there are many well-known results on the topic or related (for instance, see [9, 15, 16] ). Now consider a general case that dim X ≧ dim Y , i.e., the function field k(X) is a transcendental extension of k(Y ). Then the situation will be changed considerably without mentioning the transcendental Galois extensions of the function fields. This leads us discuss the properties between arithmetic Galois covers of higher relative dimensions and Galois groups of the function fields.
In fact, the arithmetic Galois covers of higher relative dimensions are encountered by us in the discussions on arithmetic function fields enlightened to some extent by Lang's unramified class field theory of function fields in several variables (see [12] ).
We say that the arithmetic varieties X/Y are a geometric model of the fields L/K if for the function fields we have k(X) = L and k(Y ) = K. In such a case, the arithmetic varieties X/Y will give us a geometric vivid imagination of the arithmetic function fields L/K, in particular, the automorphism group Aut(X/Y ) will be naturally isomorphic to the Galois group Gal(L/K) of the fields; conversely, as fields are more accessible, we can change the fields L/K to control the arithmetic varieties X/Y in a birational geometry.
Hence, first of all, there are several problems needing to be dealt with:
• Let X and Y be two arithmetic varieties such that dim X ≧ dim Y . When does Aut(X/Y ) ∼ = Gal(k(X)/k(Y )) hold naturally as groups? • Let X be an arithmetic variety. Given any extension L of the function field K k(X). Does there exist any arithmetic variety X L such that X L /X are a geometric model of the fields L/K? How to construct X L when the field L varies like a function?
• Or return to the theory of class fields. Let X be an arithmetic variety. How to use the geometric data of X to describe the class fields over the function field K k(X) (in several variables)? In this paper we will have several discusses on the topics above. For any two arithmetic varieties X/Y such that dim X ≧ dim Y , we will introduce the local completeness (Definition 2.2 ) to give a criterion for the identity that Aut(X/Y ) ∼ = Gal(k(X)/k(Y )) holds naturally (Theorem 2.3 ). For the case of normal schemes, the condition of local completeness is automatically satisfied.
Given an arbitrary extension L of the function field k(X). We will construct an
and that X L is affine and surjective over the arithmetic variety X; moreover, if L is Galois over k(X), X L is correspondingly Galois over X in the field L (Theorem 2.6 ). Here, ∆ L/k(X) denotes a set of generators of L over k(X). When X and L vary, we have the
As an application, by these results above we can give a computation of thé etale fundamental group of an arithmetic scheme. For an arithmetic variety X, there is a natural isomorphism π
au /k(X)) between groups, that is, theétale fundamental group π et 1 (X) of X is isomorphic to the Galois group Gal(k(X) au /k(X)) of the maximal arithmetically unramified extension k(X) au of the function field k(X) in a natural manner (see [3] ). Here, the arithmetically unramified, defined as one has done in algebraic number theory (for instance, see [13] ), coincides with that in algebraic number theory (see [6] ).
Hence, theétale fundamental group π et 1 (X) of an arithmetic variety X encodes all unramified extensions of the function field k(X) (in several variables).
Review of Transcendental Galois Extensions
Let L be an extension of a field K (not necessarily algebraic). In this section we will review several types of Galois extensions of fields: Galois; tame Galois; strong Galois; absolute Galois (see [5] ). Those Galois extensions of fields, passing from the weakest one to the strongest one, coincide with each other for algebraic extensions but are different from each other for transcendental extensions in general.
Recalling several types of transcendental Galois extensions of fields.
As usual, the Galois group of L over K, namely Gal(L/K), is the group of all automorphisms σ of L such that σ(x) = x holds for any x ∈ K. Denote by tr.degL/K the transcendental degree of L over K.
By a nice basis (∆, A) of L over K, we understand that ∆ is a transcendental basis of L over K and A is a linearly basis of L over
Furthermore, such a nice basis (∆, A) is a linearly disjoint basis of L over K if the fields K(∆) and K(A) are linearly disjoint over K. Put
From Definition 1.1 below it is seen that a transcendental Galois extension is more complicated than an algebraic one. • L is said to be Galois over
• L is said to be strong Galois over K if the two conditions are satisfied: Galois = a unique conjugation + separably generated.
Likewise, for transcendental extensions of fields, we have strong Galois = a unique strong conjugation + separably generated;
absolute Galois = a unique absolute conjugation + separably generated.
However,
tame Galois = a unique conjugation + separably generated.
See [5] for examples and counterexamples of the transcendental Galois extensions.
Galois Covers of Higher Relative Dimensions
In this section we will discuss the calculus, the criterion, and the existence of the arithmetic Galois covers of higher relative dimensions.
2.1. Conventions. For brevity, by an arithmetic variety we will understand a finite-dimensional integral scheme that is surjectively over Z (not necessarily of finite type).
For an arithmetic variety Z, let k(Z) O X,ξ , i.e., the function field of Z, where ξ is the generic point of Z.
2.2.
Definitions for Galois covers of higher relative dimensions. Let X and Y be arithmetic varieties and let f : X → Y be a surjective morphism. Note that here the relative dimension dim X −dim Y can be permitted to be positive. Suppose that Aut (X/Y ) is the group of automorphisms of X over Y by f .
We have several types of higher relative dimensional Galois covers over arithmetic varieties.
Definition 2.1. The arithmetic variety X is Galois (or tame Galois, strong Galois, absolute Galois, respectively) over Y by f if the two conditions are satisfied:
• k(X) is naturally Galois (or tame Galois, strong Galois, absolute Galois, respectively) over k(Y ). 
and each affine open sets V ⊆ Y and U ⊆ f −1 (V ).
Criterion for Galois covers of higher relative dimensions.
Here there is a criterion for an arithmetic Galois cover of a higher relative dimension.
Theorem 2.3. Let X and Y be two arithmetic varieties such that dim X ≧ dim Y . Suppose that there is a surjective morphism φ : X → Y such that
• X is locally complete over Y ;
• k(X) is Galois (or tame Galois, strong Galois, absolute Galois, respec-
Then X is Galois (or tame Galois, strong Galois, absolute Galois, respectively) over Y .
We will prove Theorem 2.3 in §3.
Remark 2.4. The conclusion of Theorem 2.3 can be regarded as a generalization of several well-known related results in [9, 15, 16] for the case that Aut(X/Y ) are finite groups; at the same time, it is a generalization of the main result in [4] for the case that dim X = dim Y and Aut(X/Y ) is an infinite group.
2.4.
Existence for Galois covers of higher relative dimensions. Let X be an arithmetic variety and let L be an extension of the function field k(X). Note that here L has a nonnegative transcendental degree over k(X), i.e., tr.degL/K ≧ 0. Definition 2.5. Suppose that L is Galois ( or tame Galois, strong Galois, absolute Galois, respectively) over k(X). An arithmetic variety X L is said to be a Galois (or tame Galois, strong Galois, absolute Galois, respectively) cover of Y in a field L if there is a surjective morphism φ L : X L → X satisfying the following conditions:
•
• X L is Galois (or tame Galois, strong Galois, absolute Galois, respectively) over X by φ L ;
We have the following existence of an arithmetic Galois cover with a higher relative dimension for any prescribed Galois extension of the function field. Theorem 2.6. Let X be an arithmetic variety and let L be a Galois (or tame Galois, strong Galois, absolute Galois, respectively) extension of the function field
Then there is an arithmetic variety X L and a morphism φ L : X L → X such that X L is Galois (or tame Galois, strong Galois, absolute Galois, respectively) over X in the field L.
We will prove Theorem 2.6 in §4. Noticed that for a fixed field L, in general, X can have many Galois covers X L in L which are not isomorphic with each other (see Remarks 2.-10 below).
Remark 2.7. The conclusion of Theorem 2.6 is a generalization of the main result in [2] . Such a result is one of the key points for us to give a computation of thé etale fundamental group of an integral scheme (see [3] ).
2.5. Calculus for Galois covers of higher relative dimensions. Now consider the calculus of Galois covers of arithmetic varieties. Definition 2.8. (c.f. [3] ) Let Y be an arithmetic variety. Suppose that L is a Galois (or tame Galois, strong Galois, absolute Galois, respectively) extension of the function field k(Y ). We have the following calculus of arithmetic Galois covers
a Galois (or tame Galois, strong Galois, absolute Galois, respec- • Different sets ∆ ∈ Σ ♮ [L/Y ] can produce different Galois (or tame Galois, strong Galois, absolute Galois, respectively) covers
• There is a biggest Galois (or tame Galois, strong Galois, absolute Galois, respectively) cover
which contains all possible points that can be added to the underlying space.
• There is a smallest Galois (or tame Galois, strong Galois, absolute Galois, respectively) cover Y [∆ max ] of Y in L such that the underlying space is the smallest and can be regarded as that of the scheme Y .
Remark 2.10. (c.f. [3] ) Let Y be an arithmetic variety and let L be a Galois (or tame Galois, strong Galois, absolute Galois, respectively) extension of k(Y ). Then
] is a smallest Galois (or tame Galois, strong Galois, absolute Galois,
Proof of Theorem 2.3
In this section we will have a new sufficient condition for geometric models of fields (see Lemma 3.1 ) (c.f. [1, 4, 5] ). Note that here the approach is not essentially new. Then from the lemma a proof of Theorem 2.3 will be obtained immediately.
3.1.
A preparatory lemma. Let X be an arithmetic variety with generic point ξ. Recall that for each open set U in X, there is a natural inclusion
between rings. We have
At the same time, k(X) will be taken as the rational field
where [U, f ] denotes the germ of (U, f ) (see [8, 10, 11] for detail). Now let's give a sufficient condition that for two arithmetic varieties X/Y , the automorphism group Aut(X/Y ) is naturally isomorphic to the Galois group Gal(k(X)/k(Y )) of the function field k(X) over k(Y ).
Lemma 3.1. Let X and Y be arithmetic varieties with dim Y ≦ dim X. Suppose that X is locally complete over Y by a surjective morphism φ : X → Y . Then there is a natural isomorphism
Proof. (The approach here is based on a trick originally in [1] and a refinement in [3, 4] .) In the following we will proceed in several steps to prove that there is a group isomorphism
where σ, σ ♯−1 is the map of k(X) into k(X) given by
for any open set U in X and any element f ∈ O X (U ).
Here the function field k(X) is taken canonically as the set of equivalence classes [U, f ] of elements of the form (U, f ) such that U is an open set in X and f is contained in O X (U ).
Step 1. Construct a map
In fact, fixed any automorphism
That is to say,
is an isomorphism of sheaves of rings on X. As dim X < ∞, we have σ(ξ) = ξ. Then
is an automorphism of k(X).
Denote by σ ♯−1 the inverse of the ring isomorphism
Take any open subset U of X. We have the restriction
of open subschemes. That is,
is an isomorphism of sheaves on σ(U ). In particular,
is an isomorphism of rings. For every f ∈ O X | U (U ), we have
Now define a set mapping
is a mapping of k(X) into k(X).
Step 2. Prove that
is a group homomorphism.
In deed, given any
It follows that σ, σ ♯−1 is an automorphism of k (X) . It needs to prove that σ, σ ♯−1 is an isomorphism over φ
of schemes. It follows that φ(ξ) is the generic point of Y and ξ is invariant under any automorphism σ ∈ Aut (X/Y ). Then
This proves
So, as a map of sets, t is well-defined. Prove that t is a homomorphism between groups. In fact, take any
By preliminary facts on schemes (see [8, 10, 11] ) we have
Hence, the map
is a homomorphism of groups.
Step 3. Prove that
is an injective homomorphism.
In deed, assume σ, σ
for any [U, f ] ∈ k (X) . In particular, we have
for any f ∈ O X (U 0 ) and any affine open subset U 0 of X such that σ (U 0 ) and σ ′ (U 0 ) are both contained in σ (U ) ∩ σ ′ (U ). By preliminary facts on affine schemes (see [8, 10, 11] ) again, it is seen that
holds as isomorphisms of schemes. Let U 0 run through all affine open sets of X, we have σ = σ ′ on the whole of X. Hence, t is an injection.
Step 4. Prove that
is a surjective homomorphism. In fact, fixed any element ρ of the group
∈ k (X) according to Proposition 1.44 of [11] , where U f and U ρ(f ) are open sets in X, f is contained in O X (U f ), and ρ(f ) is contained in O X (U ρ(f ) ).
We will proceed in several sub-steps to prove that for each element
there is a unique element λ ∈ Aut(X/Y ) such that t(λ) = ρ. In fact, take any affine open sets V ⊆ Y and U ⊆ φ −1 (V ). We have
Then there exists an affine open set W ⊆ φ −1 (V ) such that
from the assumption that X is locally complete over Y . Write U ρ W . Therefore, by ρ we have a unique isomorphism
of the affine open subscheme in X such that 
On the other hand, for any point x ∈ U ∩ U ′ , we must have
Otherwise, if λ U (x) = λ U ′ (x), will have an affine open subset X 0 of X that contains either of the points λ U (x) and λ U ′ (x) but does not contain the other since the underlying space of X is a Kolmogorov space (see [8, 10, 11] ). Assume λ U (x) ∈ X 0 and λ U ′ (x) ∈ X 0 . We choose an affine open subset U 0 of X such that
, where there will be a contradiction. Hence, λ U and λ U ′ coincide on U ∩ U ′ as mappings of topological spaces.
Substep 4-c. By gluing the λ U along all such affine open subsets U , we have a homeomorphism λ of X onto X as a topological space given by
where x belongs to U and U is an affine open subset of X. That is, λ| U = λ U .
By Substep 4-b it is seen that λ is well-defined. Then we have an automorphism, namely λ, of the scheme (X, O X ) (see [8, 10, 11] ).
Substep 4-d. Show that λ is contained in Aut (X/Y ) satisfying
In deed, as ρ is an isomorphism of k(X) over φ ♯ (k(Y )), the isomorphism λ U is over Y by φ for any affine open subset U of X; then λ is an automorphism of X over Y by φ such that t (λ) = ρ holds.
This proves that for each ρ ∈ Gal k (X) /φ ♯ (k (Y )) , there exists λ ∈ Aut (X/Y ) such that t(λ) = ρ.
Hence, t is surjective.
By Steps 1-4 above, it is seen that
is an isomorphism between groups. This completes the proof. 
Proof of Theorem 2.6
Let X be an arithmetic variety and let L be any extension of the function field k(X). In this section we will give a universal construction for an arithmetic variety X L , a general cover over X, such that L is equal the function field k(X L ) (see Lemma 4.5 ). Then by the lemma we will obtain a proof of Theorem 2.6.
4.1.
Gluing schemes. Let X be an irreducible topological space and let {U α } α∈Γ be a family of open sets in X such that X ⊆ α∈Γ U α . Suppose that for every U α , there is an integral domain A α and a homeomorphism φ α of U α onto the underlying space of the affine scheme SpecA α . Denote by (U α , F α ) the schemes induced from φ α for each α ∈ Γ. For every α, β, γ ∈ Γ, put
Lemma 4.1. Suppose that for every α, β ∈ Γ, there is an isomorphism
between schemes satisfying the cocycle condition:
Then there exists a sheaf F on the space X and a family of scheme isomorphisms
α for any α, β ∈ Γ; moreover, the scheme (X, F ) is uniquely determined upon isomorphisms.
In particular, let φ α = id Uα for each α ∈ Γ. Then in addition, the sheaf F can be such that F | Uα = F α for any α ∈ Γ.
Proof. For the existence and the uniqueness of the sheaf F , it is trivial from [7, 8, 10, 11, 14] . Now assume φ α = id Uα for each α ∈ Γ. Let F be a sheaf on X determined under the cocycle condition such that
In the following prove that there is a sheaf F ′ on X determined under the cocycle condition such that in addition we have
In fact, fixed any point x ∈ X. Put 
It is clear that the canonical maps F α (U ) → F ′ x and F α (U ) → F x are both injective. Hence, we can identify them with their images, respectively.
Via {ψ α } α∈Γ , there is an induced isomorphism
between the direct limits according to preliminary facts on direct limits of direct systems of rings. For every open set U in X, define
i.e., F ′ (U ) is the natural image of F (U ) by the map ψ x , where x is a point contained in U . It is independent of the choice of the point x.
Then F ′ is a sheaf on X satisfying the desired property.
Essentially affine schemes.
Here we give a type of schemes that behave almost like affine schemes. 
Here we give such a fact that every arithmetic variety X is isomorphic to an arithmetic variety Z that is essentially affine in the field k(X). • k (X) = k (Z) ;
• X ∼ = Z are isomorphic schemes;
• Z is essentially affine in the field k(Z).
Such an arithmetic variety Z is called an essentially affine realization of X.
Proof. Denote by {W α } α∈Γ the collection of all affine open sets in the scheme X and denote by
be the disjoint union of sets, respectively. Here, U α denotes the underlying space of the affine scheme SpecA α for any α ∈ Γ. For any points x α ∈ W α , x β ∈ W β , we say
if and only if x α = x β are the same point in X.
Likewise, for any points z α ∈ U α , z β ∈ U β , we say
holds in X, where ρ α denotes the homeomorphism of U α onto W α that is induced from the homomorphism i α for any α ∈ Γ. Then we have the quotient sets
It is seen that there is a bijection ρ : Z ∼ = X between sets since X ∼ = Z are bijective sets from all the ρ α . Hence, by ρ, Z is a topological space homeomorphic to X. Here, for any subset U ⊂ Z, we say U is open in Z if and only if ρ(U ) is an open set in X.
Fixed any α, β ∈ Γ. Define
contained in the set U αβ . On the affine scheme (U α , F α ), we have
on the affine scheme (U β , F β ), we have
Then
F α | Uγ 0 = F β | Uγ 0 holds for any such U γ0 . Hence, we must have
by taking an open covering
since F α | U αβ and F β | U αβ are two sheaves on the same space U αβ , respectively. Now apply Lemma 4.1 to this case here:
The cocycle condition is automatically satisfied.
Hence, there is a sheaf F on Z such that F | Uα = F α holds for any α ∈ Γ. We have a scheme (Z, F ) satisfying the desired properties, where the isomorphism
is induced from ρ just by considering the corresponding stalks at each point.
4.3.
Construction for a general cover. Let's consider such a preliminary fact. Let L be an extension of a field K and let ∆ ⊆ L \ K be a subset.
Now we give a universal construction of a general cover over an arithmetic variety such that the function field of the cover can be equal to any prescribed filed. 
• φ L is affine and surjective;
Proof. (The approach here is based on a trick originally in [2] and a refinement in [3] .) From Lemma 4.3, suppose that Y is essentially affine in the function field k(Y ) without loss of generality.
Denote by {V α } α∈Γ the collection of all affine open sets V α in the scheme Y . Let
In the following we will proceed in several steps to construct an arithmetic variety
Step 1. For every α ∈ Γ, define
i.e., A α is a subring of L generated over B α by the set ∆ L/k(Y ) . We have F r (A α ) = L. As A α is a subring of L, by Remark 4.7 it is seen that the restriction δ | Aα : A α → A α is an isomorphism for every δ ∈ Gal(L/k(Y )). Set i α : B α ֒→ A α to be the inclusion.
Step 2. Define the disjoint unions
Then X is a topological space, where the topology τ X on X is naturally determined by the Zariski topologies on all Spec (A α ) .
Denote by π 1 : X → Y the natural map induced from the inclusions i α . It is seen that π 1 is a surjection just by considering the inclusion i α : B α → A α for every α ∈ Γ (see [8, 11] ). Let π 0 : Y → Y = Y / ∼ be the projection, where for any points y α ∈ SpecB α , y β ∈ SpecB β , we say
Step 3. For any points x α ∈ SpecA α , x β ∈ SpecA β , we say
holds in Y , i.e., if and only if
It is seen that X is a topological space as a quotient of X.
Step 4. Define a map
for each x ∈ X. By Step 3 above it is seen that φ is independent of the choice of a representative x and hence φ is well-defined.
It is clear that φ is a surjection. For every α ∈ Γ, put
Then we have U α = SpecA α ;
for every α, β ∈ Γ.
Step 5. For every α ∈ Γ, we define (U α , F α ) (SpecA α , A α ).
Fixed any α, β ∈ Γ. We prove
In deed, take any point y 0 ∈ V αβ = φ(U αβ ). There is a γ 0 ∈ Γ such that
Then for any x 0 ∈ U αβ , we have
Step 4 above. At the same time, as U γ0 = φ −1 (V γ0 ), on the affine scheme (U α , F α ), we have
Hence, F α | Uγ 0 = F β | Uγ 0 holds for any such U γ0 .
From the open covering U αβ = γ0 U γ0 , we must have
since F α | U αβ and F β | U αβ are two sheaves on the same space U αβ , respectively.
Step 6. Now apply Lemma 4.1 to this case here:
φ α id Uα : U α → SpecA α . φ αβ = id : (U αβ , F α | U αβ ) = (U αβ , F β | U αβ ). The cocycle condition is automatically satisfied.
Hence, there is a sheaf F on X such that F | Uα = F α holds for any α ∈ Γ. We have a scheme (X, F ) that is essentially affine in the field L = k(X).
Step 7. Prove that the map φ : X → Y induces a morphism, namely φ = (φ, φ ♯ ), from the scheme (X, F ) onto the scheme (Y, O Y ).
In fact, for every affine open set V α in Y , the restriction
is a morphism of affine schemes which is induced from the embedding i α : B α ֒→ A α of rings. That is, where
Here, all U αi are affine open sets in X. Hence, we have a morphism φ = (φ, φ ♯ ) : (X, F ) → (Y, O Y ) of schemes. It is clear that φ is affine and surjective.
Step 8 
